APPENDIX A: Proof of Propositions 2 and 5

Proof of Proposition 2
Define the employment rat®, as
v = N _ ﬁ(]i) A(L@Hb) He(1+19)] (1)l (42)
L n)L
where the right-hand side is equation (20), where we have substituted by using (13).

Alternatively we may write (42) as

1- 1-

Ly 1 43
F=v-(1-t'"* @b '* =0 (“43)
; S\ Low
wheres=(L@H) [e(1+ce)]1-{v([3(1i)é = (44)
e-1 n,L

Next, we shall rewrite the government’s budget constraint, (22), by using the fact that
government revenud, equals unemployment benefit plus public goods provisionR.e.(L-

N)b + X% Then we have

" YN FO {—p bN+Lb+wN71+“(n_1)} - (L-Nb+X¢  (45)
1-1¢ P 1+1¢(©-1 B(n-D

Dividing by bL and premultiplying by (I*") and rearranging gives

T"WN +

_ e g
‘szﬁ +Ea = (lftw)M + X_ (46)
L L 1+1¢ bL
where
=P 1+d-0)® (47)
O-1 1+1¢
and
a=1+ o p 1 ptBO-1 1+01+0‘(ﬂ—1) > 1 (48)
[+t¢©®-1 1+7¢ ©-1 B B(n-1)
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Rewrite (46) in terms of the employment ratethen

G =v- H =20 (49)

where

(50)

Equation (43) gives the employment rat@s a function of the wage taX. It has the following

properties ag"={0,1}

Ly
= l-p
VO - sH (51)
V() = - 1Y (spy T
1-p
v(l) =0 (52)
v(1) = 0

Similarly, equation (49) gives the employment rate as a function of the wage tax, with the

following properties

- H
v(0) la (53)
v/(0) = -H(a+2)/a®
1 -
v(l) =0 (54)

v/(1) = -Hf(a+2)

Both functionF and G decreasing and convex 1, and take on value zero at=1. Function

F has zero slope at'=1, G not. If H/a> (S ™™ andF andG cross, they must cross exactly
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twice, like in Figure 1%

Figure 1. The General Equilibrium

O *w * kW 1 TW

In this situation we have two equilibria, one Laffer efficient"§ and one Laffer inefficient
(T™"). For the Laffer efficient equilibrium to be well defined we require that employment is less
than 100% at this tax rate, i.8(t™")<1. Sufficient for this to be true is thdt intersects the
vertical axis atv<1, i.e. thatSk=1. We require thaG lies belowF for values of the wage tax
between the Laffer efficient level and the Laffer inefficient level. Sufficient for this being the

case is thaG lies belowF at the Laffer maximum wage tax. The Laffer optimal wage tax is (see

Lt H/a < (SH ™Y public expenditure is too small in relation to the government revenue from the energy tax,
and there is no Laffer efficient wage tax. The wage tax has to be Laffer inefficient in this situatidfa 3 (S
V- we have two equilibria. One in which the wage tax is zero, and one in which the wage tax is positive but
Laffer inefficient. Both equilibria raise the same revenue. We shall not explore these cases further.
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Lemma 1)
—w_ 1-p (55)
1=y
FunctionF at the Laffer optimal tax is
v = ( B )l—u <Sb) - M (56)
1-y
FunctionG at the Laffer optimal tax is
v- P opflai ¥ (57)
1-y 1-y
Thus we need to show that
By FET
L S (ijlu (Sb) ¥ (58)
a7 1P l-y
-y
or
b 1oy
H < ( B )1p (Sb) 1-p (59)
1-p 1-v
a+z
1-y

First, atz(1-p)/(1¥) is increasing irm® SecondH is decreasing irt®, andSis increasing irnt®,
The largert® is the more likely the condition is fulfilled.

For sufficiency it is thus enough to prove the condition #t0. First we have

g _
Hlo= 112 (60) a7k

BT Sl O U (61)
Lb -y

1-y ©-1

%=0

and

o (62)

Then (59) becomes
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1+Xg/(Lb) < [5 1-p (1+ P 1-p el*p.ﬁ l_i é (63)
1+ I-p p 1-vy e-1 n)L
-y ®-1
Premultiply both sides by and divide by 1y to obtain (23). QED

Proof of Proposition 5

Differentiating (34) with respect to°, and premultiplying by (1%)° we have

G_WZ 9 . ol arw+g ON (64)
ot¢ 1+1¢ 9t" 9t¢ ON g€

wherel = (1-T")wN+ (L-N)b + . First we need to find the derivative ofwith respect tor",

(1+19°

holdingN constant. Sinc€&l=[1+(1-u)0-1)]B*(n-1)*wN (which follows from (17) and (19)), we

have

1
oIl _ ;+(17H)(17;> w N II (65)
n/

Then, since (I*)w is independent of" (which follows from (13)), we have

a _ W (66)

ot"” 1-t%

Next, since (1¥")w is also independent dff we have

ol 1
Lo tw b= 67
oy TRy (67

Substituting (66) and (67) into (64), and premultiplying byt{}-and by the determinant (28),

gives
(l—rw)deta—W = -g(1-t")Idet +Har det
oty ot
(68)
+ {(l—rw)w -b+ 1 (1—1‘”)@det
N ot
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Substituting for the derivatives by using (29) and (30), and for the determinant using (28) gives

(1-tydetd”| - —ole(l— urw) V10| -eE + e EPEP
ort° €-0 ]-_l-l' ]-_l-l' (69)

_ o p

+[(1*‘EW)WN*Z7N+H](1 VeE - Bek

1-p
First we have

1 t)ywN bN - [0y - P py - PUZT) iy (70)

0-1 0-1 p+O-1

where the first and last equality follows from (13). Next, substitute (70) into (69) and collect the

terms invoIvingeE andeP’, then we have

(1-det 7| - —ole(1— L ‘cw)+ ¢E | pme(1-y) 20D WNJ
ot’ -0 1-p l-p p+®_1 (71)
Cepr P P WN}
- prO-1
Sincel=wN/(®-1) (follows from (17), (19) and (11)) we have
(1-det | - —ole(1— L r“')fEWN p +(1—y)7p(ltw))
ot’ -0 1-p l-p \©-1 p+®_1 (72)
eEPwN 1 p
_ 1-t" n
I-p P 0-1 p+®—1}
Substituting foreE by using (34) and rearranging we have
(1—‘Ew)deta—I/V = -0 IWN(]— i_y rw)+ Oi'bWN(GB . +(1—'\()p(1é‘E 1))
e — — — +() —
ot ., K K P (73)
. eEPwN| P oS o) s p(l-1t") lfy*[3+01_Ys
I-p [O-11 v prO-1 Y
Next, since by (6)ol1=eE', we have (by (31))
ol = 02 eEP + oLb (74)

Y
substituting (74) into (73) gives
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(1-t")det ow
ort°

JOLbwN| B et g J
T (@-1 A-n ey ~mw-d-ne)

eEPwN ﬁ w S B‘Ew (75)
-(1-uw-(1- _
e (@-1 (1-p-(1-y)c )) e
P(L-t") (1, 1-y
) p+®1( vbre Y )]
or by rearranging
1o | - owaN( 1 +(1_y)p(1_TW)+(1_y)TWJ
0t e, LB \nm- pre-1
EPWN{ + (l—y)rw)oi ._P T (76)
y ©-1
el r‘”)( aoloY ]
prO-1 Y

Equation (76) is positive.

QED
APPENDIX D: Solving for the economic equilibrium
Households
Maximising (1) s.t. (2) w.r.tx, gives the FOC
R e 77
Z(”)“ ORI 7
where) is the Lagrange multiplier. Dividing the FOC foy® by the FOC forx," gives
ih Pk xk (78)
D;

Taking both sides to the power afi{1)/n and summing over gives

n-1 n-1

PICORIED SF SRy O]

(79)
Taking both sides to the power afi{1)/n and premultiplying byn"®" gives

The LHS of (92) is the composite commodi), and part of the RHS is the price ind@xthus
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n

1 -1
ntm [E (xih) N ]n

n

1
= pln (Zpil“)nlpl? x,f (80)

(92) is

X" = nPp)x, (81)

Rearrange (93) to obtain the demand function

n
h _ Xh

X,

p

£ (82)
Py

n

Polluting good sector
Solving the minimisation problem in assumption A5 gives first-order conditions of the same form

as (89), i.e.

1 L e S 3

Following the same steps (90)-(94) gives the demand function for the polluting good sector,
which is of the same form as the one of the households, i.e.

n

P

x - XP (84)
Py

n

Government
Solving the government’s minimisation problem (assumption A6) gives first-order conditions of

the same form as (89) and (94)

1 KT e e S et B
plon Z(xig) no|" (xlé’) n - }‘pi (85)

Following the same steps as of the household and polluting good sectors, gives the demand

function for the government
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n

P
Py

g _ X8
n

(86)

Firms

Firms minimise costs, subject to the levelyof

C(y.)) = min wN, + éE?
I~ Nj’E}’ J 7 (87)
st. AN} (ED)' =,
where&=(1+t%)e and A=AK®. Equivalently we may substitute fo, by using the constraint in

(99), then we have
Y
B 6E? (88)

The FOC w.r.t.Ejp is

11 -Y
% wA pyf (EJ?’) B 1e-0 (89)
or equivalently
p 1 (90)
WP
EJP_YM(E)H);]
where |Ep+y and
1 B
M=A u(l)ul (91)
B) v
Since the ratio of the marginal products is equal to the relative factor price
p
BE _w 92)
Yy N, e
we have
v 1 (93)
_ AT
%)y
Substituting (102) and (105) int®(.), gives the cost function
LB
oy (94)

Cly) = MB+y) 3, w é
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The firm’s profit function is

I; = maxp; 0 =€) (95)
J
Since households, the polluting good sector and the government have the same structure of their

demand functions, each firm faces demand of the form

1

Y Inp (96)

pj(yj) = nyj

where in equilibriumY = X"+X°+X°. Each firm takes the aggregate productiyrand the price

index P, as beyond its own control. Then the FOC w.y.tis

(lﬁ)p,(y,) - ¢l (97)

At this stage we may look at the symmetric equilibrium and make the normalisBtian

Substituting for the derivative of (106) gives

| 1 L v B L (98)
(oo et eh
n n
or rearranged
4 1 n Y 1 ¥ n B n
yj“ — Kl;)/M}n(l-u)w(;)n(l-u)we* pald-p+p g, pad-p+u (111)

pn-1
Defining M = Kl i)/M}"(l‘“W we get the firm’s profit and factor demand equations
Ul

m == +(1[3y)(1 i)}M(Z) n Ty, 0s1 (112)
n
@+
N o-plt- i [ Y] n erwe (113)
j n n
0+l
EJP - Y(lﬁ)M (%) n g T-1,,-61 (114)
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(m-DA-p)

Next, definingd = Mn '"®@ D" substituting foM in (112)-(114) and aggregating gives (8)-

(10).

Nash bargaining
W(w)=0 gives the global maximum, becauskis concave up to a poinw’, and ¥'(w)<0 for
w>w'. We prove concavity by verifying thay” (w)<0 for w>w'.

First, for any function the following is true

2

d (Yw) _ P'w) | YW (115)
dw\ ¥(w) Y(w) Y(w)
or rearranged
v _(Pon | d [P (116)
Y(w) Y(w) dw\ ¥(w)
Next, taking logarithms of (12) gives
In¥Ww) = (1-0-p)lnw +p In[(1-7") w-b] (117)
Differentiating (117) w.r.tw gives
1P/(\/l/') _ l—p—® N 1-t" (118)
¥ (w) w (1-t")Yw-b
Differentiating (118) w.r.tw gives
d(¥o)_ 1p6 [ 1 ’ (119)
dwl ¥(w) w? (1-t")Yw-b
(118) may be written as
) g AW (120)
P (w) (1-t")w-b

and (119) may be written as
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2

/ W
Wzi IP (W) _ 7(17p7®)7p (1 T )W (121)
dw\ P(w) (1-t™)w-b
Substitute (120) and (121) into (116) to get
1P// A 1- w 2 1- w ¥ 2
0w 1p-@rp T qpog) | T (122
P(w) (1-t")Yw-b (I-t")Yw-b
Defined =©-1-p andB = —L="9% then (122) becomes
(1-t")w-b
/1
IP (W)W2 _ (prA)Z +14 7pB2 (123)
Y (w)
and (120) becomes
/
P, - oB-4 (124)
T(w)

ThusW is decreasing foB<A/p. Denotew: B(w')=A/p, and writeB=A/p-¢, so that where=0,

we havew=w' then (123) becomes

II’//("")2:22+_ 2
T(W)w p e”+A-p(Afp-¢€) (125)

- o e A p) 1 2ed
o

SinceA-p = ©-1> 0, ¥"'<0 for €0, i.e. forB=A/p. Thus forwsw', W is concave, and fon>w,

W is decreasing (i.e¥'<0). ThusW attains a global maximum &'=0.
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